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Abstract
Chaotic behavior is a well known limiting factor in the predictability of state estimation and forecasting. While the influence of instability in dynamics has a long studied history
in the literature, less is known about the ability to recover parameter values in systems with chaos. This paper sets out to
begin to understand the relationship between chaos and parameter fidelity by analyzing a modified Lorenz 96 model.
Using this model and a Bayesian framework for parameter
estimation, we are able to directly measure the impact that the
mean and variance of external forcing (and hence chaotic nature of the solution) have on generating samples from the associated posterior probability distribution. We find that while
increasing external forcing (and chaotic periodicity) have a
positive relationship with parameter recovery, the variance of
the forcing has an important stunting impact on estimates.

Introduction
The combination of model with observation to produce estimates of the current state of a system is often called Data
Assimilation(Ching, Beck, and Porter, 2006). This inverse
problem, concerned with optimal estimation of state variables, assumes a known and well-specified model of the dynamics in question. When parameters of the proposed model
are unknown, optimal estimation must necessarily include
inference on these values in addition to the state. State estimation on nonlinear dynamical systems has a long history
with many treatments (Kushner, 1967), but the study of parameter estimation in such systems is more limited(Sarkka,
2013; Ghahramani, Z. & Hinton, 1996; Ching, Beck, and
Porter, 2006). Since parameters are never directly observed,
their inference is dependent on the indirect effect they have
on the state variables.
For many problems, parameter estimation can be formulated in a deterministic framework using some variation of
least squares minimization(Stock et al., 2015). This estimation method has some deficiencies. First, model or observational uncertainties cannot be appropriately accounted for
in the deterministic framework and the resulting parameter
estimation may fail or be widely inaccurate. Second, uncertainties in the parameter values may be mis-characterized
or mis-calibrated. Lastly, optimization-based methods that
return point estimates may be overly prone to numerical error and only return partial information about the parameters.

Many other attempts at parameter estimation co-op methods
for state estimation by including the parameters as state variables (Sarkka, 2013; Møller, Madsen, and Carstensen, 2011;
Ghahramani, Z. & Hinton, 1996; Singer, 2002).
We approach the parameter estimation problem using a
Bayesian framework, meaning that we will be concerned
with characterizing the probability distribution of the parameter - as a random variable. This approach, in generality, is
not unique (Sarkka, 2013; Ching, Beck, and Porter, 2006;
Karimi and McAuley, 2016; Gelman et al., 2013). Using
Bayes’ theorem, we will construct the posterior distribution
using a combination of distributions utilizing the observations, model, and prior beliefs about the parameter. To characterize the distribution, it is common to use the mean and
standard deviations of the posterior (Maximum A Posteriori
Estimation). This method, while computationally and memory cheap, may not capture the nuances of the posterior distribution. Furthermore, samples from the posterior distribution may be more important than summary statistics alone
(Brooks, 2011). This may be the case if integrals with respect to the posterior are required, or if the parameters are to
be used in the model to forecast the state variables.
Producing samples from the posterior distribution is often difficult, as it lacks a closed form expression. There are
many methods to try and sample from an arbitrary probability distribution(Brooks, 2011). In this project, we focus
on a Markov Chain Monte Carlo (MCMC) approach called
Hamiltonian Monte Carlo (HMC)(Neal, 2012). Using the
method in (Alexander, Eyink, and Restrepo, 2005), we construct the Hamiltonian using the model and observation distributions as position and conjugate momentum variables.
The prior distribution of the parameters are included as a
third term that influence the Hamiltonian. As opposed to traditional MCMC methods, the HMC approach produces less
correlated samples that converge to the target distribution
faster, requiring fewer samples and less memory overhead
at the expense of increased computational cost.
As a final dimension to the project, we investigate the effect that chaos in the model has on parameter fidelity. Original studies of chaos and the development of the famous
Lorenz 63 and 96 models (Lorenz, 1995) revolved around
the question of atmospheric predictability. It is well known
that chaotic behavior in model dynamics dramatically reduces the ability to produce accurate long-time forecasts.

Some studies have investigated the efficiency of parameter
estimation in chaotic systems, but not in imperfect model
systems and not as a function of increasingly chaotic behavior. Therefore, in this study, we investigate the Lorenz 96
model, of which we modify to include an unknown parameter, because we can control the level of chaos.

Problem Framework
Let x(t) = (x1 , . . . , xD ) ∈ RD × T be the state variables
of interest. The model for these variables is taken to be a
modified Lorenz 96 system, defined as
dxi
= a (xi+1 − xi−2 ) xi−1 − xi + F,
(1)
dt
for i = 1, . . . , D > 3, where we assume that x−1 = xD−1 ,
x0 = xD , and xD+1 = x1 . F is a parameter that controls
the level of external forcing of the system, and as a result, the
level of chaos. The additional variable a is the focus of our
parameter estimation efforts. The model (1) may be thought
of as some atmospheric quantity in D sectors of a latitude
circle. For a = 1, it is known that, for small F , all solutions
decay to the steady state solution x1 = · · · = xD = F .
For larger values of F , the solutions become periodic and
increasingly chaotic. A typical value of F for which the system exhibits chaotic behavior depends on D, but usually
taken to be 8. In this study, we will use D = 10 and F
ranging from 1 to 15. For shorthand, we will write (1) as
dx
= f (x; a)
dt
To incorporate model uncertainty, we are concerned not with
the deterministic (1), but the Itô stochastic differential equation
dx = f (x; a)dt + QdWt ,
(2)
where Wt is standard Brownian Motion, and Q ∈ RD×D
is some symmetric positive definite matrix taken roughly
as representing the uncertainty between variables and the
model. The SDE (2) is simulated using the Euler-Maryuama
discretization
p
xn = xn−1 + f (xn−1 ; a)∆t + ∆tQ∆Wn ,
(3)
= F(xn−1 ; a),
for n = 1, . . . , N . Draws from this SDE for a variety of
forcing parameter values is shown in Figure 1
To construct the parameter estimation problem, consider
observations of the form
d(tm ) = x(tm ) + m ,

m = 1, . . . , M,

(4)

where  ∼ N (0, R). It is assumed that observations are on
a much sparser grid than the model, i.e. M  N . In the
experiments in this paper, we will observe the impact of
the frequency of observations on parameter fidelity by using tm = 5∆t + tm−1 and tm = 10∆t + tm−1 . In general,
one could also assume a more general observation operator
of the form h(x(tm )) with little change to the theory or implementation of the algorithm.
The model dynamics and observation relations induce
the conditional probability densities p(xn |x1:n−1 , a) =

Figure 1: Draws from Lorenz SDE Model (2) using the
Euler-Maryuama scheme (3) with parameter values a =
0.75, Q = 34 I, dt = 0.01 for various forcing values f .
exp (−Hdynamics ) and p(d(t1:M )|x(t1:M )) = exp (−Hobs ),
where Hdynamics and Hobs , defined as
Hdynamics =

N
X
1
T
(xn − xn−1 − ∆tf (xn−1 ; a)) Q−1
2∆t
n=1

× (xn − xn−1 − ∆tf (xn−1 ; a)) ,
M
1 X
T
(d(tm ) − x(tm )) R−1 (d(tm ) − x(tm )) ,
2 m=1
(5)
represent factors of a Hamiltonian. The Hamiltonian being
constructed comes from the application of Bayes’ theorem
to the conditional posterior distribution for the parameters,

Hobs =

p(a|x1:N ,d(t1:M ))

= Z1 p(xn |x1:n−1 ,a)p(d(t1:M )|x(t1:M ))p(a)
(6)
= Z1 exp(−Hdynamics −Hobs −Hprior ).

The choice of prior distribution p(a), and subsequent term
to the Hamiltonian Hprior depends on the nature of the parameter and any expert knowledge about its value. The use
of informative vs. non-informative priors is a large discussion in the Bayesian community and beyond the scope of
this paper. Here, we simply take a to be half-Cauchy distributed, ensuring positivity but neglecting to infer scale or
location information.
As is implicit in our notation, the parameters F , Q and R
are assumed known a priori, and are not being treated as random variables akin to the unknown parameter a. In our analysis, we will vary the values of F and Q so to discern their
impact on the fidelity of a. Because of the form of the external forcing in (1), the noise in (2) simply acts to modify that
forcing by increasing the variance. That is, modifications in
F and Q simply modify the mean and variance, respectively,
of the forcing in Lorenz 96 model. We will assume that the
observation error is small in comparison to model error, R
1
I.
will be taken to be 100
This formulation, writing the probability distributions in
the language of statistical mechanics and Hamiltonians, will
be useful when we detail the Hamiltonian Monte Carlo
methodology for producing samples from the conditional
posterior distribution for the parameter a. Once these samples are produced we have completed the parameter estima-

tion problem, since we will have the ability to infer statistical
knowledge about the random variable a from the samples.

Hamiltonian Monte Carlo
Sampling techniques such as Markov Chain Monte Carlo
(MCMC) (Brooks, 2011; Kemp, 2003) rely on constructing
a Markov chain of random variables, {1 , 2 , . . . } whose
frequency well-describes the probability distribution of interest. A basic MCMC algorithms contains the followings
steps: (i) specify an initial distribution, (ii) propose a new k
from k−1 using a transition distribution, and (iii) accept or
reject the proposed k using some criterion. For the MCMC
method to generate a proper Markov chain that converges
to the sought posterior distribution as its stationary distribution, the transition density and acceptance criterion must
meet certain theoretical conditions, see (Brooks, 2011).
The Hamiltonian Monte Carlo (HMC) method is a specific MCMC algorithm that uses an evolution of a Hamiltonian dynamical system to propose new elements of the
Markov chain, and accepts/rejects those proposals based on
the change in total energy. Developed in the 1980’s, its use
had early on been confined to physics problems in statistical
mechanics and lattice gauge theory (Alexander, Eyink, and
Restrepo, 2005). For more information on applied probabilistic problems, or the implementation of HMC, see (Neal,
2012).
Consider a system with T degrees of freedom q1 , . . . qT ,
representing the combined state and parameter variables.
The HMC algorithm assigns conjugate generalized momentum variables pi to each generalized coordinate qi . The momenta pi induce the kinetic energy
HK =

T
X
1
i=1

2

where M is some mass matrix. For our purposes, the total
Hamiltonian is given by
(7)

where HU , representing the potential energy portion of the
total Hamiltonian, accounts for the posterior distribution (5).
The standard dynamics of this Hamiltonian system is
dqi
= pi
dτ
dpi
∂HU
=−
dτ
dqi

(8)

where τ is some fictitious time. Given a current value of
the generalized coordinates (q0 , p0 ) (the previous accepted
member of the Markov chain), the dynamics are discretized
using L leapfrog steps of size ∆τ ,
1

∆τ
∇q HU (qk )
2
1
= qk + ∆τ M pk+ 2
1
∆τ
∇q HU (qk+1 )
= pk+ 2 −
2

pk+ 2 = pk −
qk+1
pk+1

to arrive at the proposed sample (qL , pL ). This proposed
sample is accepted with probability

α = min 1, exp{H(q0 , p0 ) − H(qL , pL )} .
(10)
If the proposed sample is accepted, then (q0 , p0 ) ←
(qL , pL ), otherwise (q0 , p0 ) is unchanged and is evolved
again.

Results

pTi M pi

H = Hdynamics + Hobs + Hprior + HK ,
= HU + HK ,

Figure 2: Samples of a from the conditional posterior distribution p(a|x1:N , d(t1:M )) as a function of the mean external forcing F and variance of the Weiner process Q. Red
dashed line represents the ’true’ parameter value. Scatter is
offset to prevent over-plotting, i.e. we only considered odd
integer valued F .

(9)

Using the methods mentioned heretofore, a parameter estimation experiment was performed. A ’true’ parameter value
of a = 0.75 was used to evolve the system (3) with
∆t = 0.01 to construct the sequence xn ∈ R10 for n =
1, . . . , 600. Observations of this system were performed at
a frequency of either 5∆t or 10∆t and variance taken to be
3
4 I or 15I depending on the experiment.
Using the observations, 2000 samples were generated using HMC on the posterior distribution (6). These samples
are displayed, along with a boxplot describing their distribution, as a function of the mean forcing and noise variance in
Figure 2.
The mean of samples of a roughly target the ’true’ parameter value for all tested values of F and Q, which indicates
that the parameter estimation was largely successful. The
size of the variance of samples for small forcing values (e.g.
F = 1 and Q = 34 I) is noticeably larger than for samples
taken from a system with large external forcing (e.g. F ≥ 3
or Q = 15I). In conjunction with an observation about the
scale of changes in dynamics from Figure 1, it seems to be
that more chaotic dynamics induces a more informative likelihood function. That is, small changes in a were more likely
to produce larger changes in the model when the system was
already in a chaotic regime and therefore be more penalized
by the probability distribution. Therefore, it appears that parameter fidelity is enhanced by chaotic dynamics.

Figure 3: (TOP) Absolute errors in mean of
p(a|x1:N , (.t1:M )) from ’True’ value of a = 0.75 as a
function of forcing parameter F , variance Q, and frequency
of observations. (BOTTOM) Standard deviation of sampled
posterior distribution.

This result can be made more qualitative by the results in
Figure 3, which compares the absolute error between the
mean of the samples with the ’true’ parameter value and
standard deviation of samples as a function of the external forcing. The largest absolute error, on the order of 20%,
and standard deviation occurs when the forcing is extremely
weak. For all other combinations of Q and F , the fidelity is
very good ( 5% relative error), regardless of the frequency
of observations.
Figure 3 also shows that increased variance in the external forcing diminishes the positive impact that chaos has
on parameter estimation. When the mean external forcing
is large, but model uncertainty is low, the standard deviation
of the samples quickly decays as a function of F . This is in
contrast to the case when Q = 15I, where there seems to
be marginal improvement as a function of F . The result now
appears that the chaotic nature of the dynamics may be helpful to narrow the probability distribution, noisy model error
naturally inflates the posterior distribution.

Discussion and Conclusion
Chaos poses a problematic feature in many applications of
state estimation, like weather and climate forecasting. Because small perturbations in initial conditions can lead to
large discrepancies in solutions at later times, forecasting
of state variables will invariable have a limit to their accuracy. This nature, however, encodes a lot of information
into the probability distribution when attempting a parameter estimation problem. The small disturbances induced by
the wrong parameter value are heavily penalized and are
given low weight in the posterior distribution of the parameter given the state values and system observations. From this
perspective, it is not necessarily surprising that our results
give confirmation to this reasoning.
By tuning the mean and variance of the external forcing
in a modified Lorenz 96 model (1), we can directly measure

the two dimensions of chaotic uncertainty on parameter fidelity. Indeed, when there is a lot of structure in a system, the
standard deviation of parameter samples is quite large. The
nuance of the ability of chaotic behavior to induce increased
parameter fidelity lies in the distinction between the mean
and variance of the extern forcing. Increased mean forcing
resulted largely in increased fidelity as long as the variance
of the forcing was not also large. This increased variability
damped parameter fidelity to some degree, naturely as an
extension of the increased uncertainty in the system.
In total, the Hamiltonian Monte Carlo scheme (defined
by the dynamics 8) was an effective tool in drawing from
the posterior distribution (6). The number of time steps included in the algorithm is the largest constriction and future advances in state estimation should look to ameliorate
this restriction. Future work can still be done to analyze the
impact of chaos on parameter estimation, including a study
into larger forcing values - limited in our study due to time
step restrictions. Furthermore, additional types of nonlinearity and parameters should be investigated to try and determine the role that the nature of the parameter has on estimation.
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